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I. INTRODUCTION

A quantitative description of the interaction of electrons with matter

over a large range of energies is a subject of basic importance in a wide variety

of theoretical and applied areas. From the theoretical standpoint, calculations

of enrgy loss and range of electrons in many different materials have formed

the basis of at least two extensive tabulations. 12 Both of these works are

restricted to electron energies 2 10 keV and are based on the Bethe theory of

stopping power including various modifications and corrections (e.g. density-

effect corrections). We feel that similar tabulations for electron energies

< 10 keV, based on a priori calculations using currently available theoretical

infrormation, will provide useful guides f£w interpretation of experimental data

as well as input for calculations in applied areas.

Our work here will involve model calculations to describe the extended

electron states of a solid (valence band or conduction band). The more tightly

bound, inner shells of the atoms in the solid will be assumed to be essentiaily

unchanged in character from those in free atoms. Thus, excitation of electrons

from the inner shells will be based on calculations of atomic, generalized

oscillator strengths (GOS's). More specifically, the differential inverse mean

free path (DIMFP), which forms the basic function required in our work, will be

derived from an electron gas model describing the conduction band electrons in Al

and from a model insulator theory applied to the valence band in A 2 0 3 . The

DIM!FP's for electron interaction with the inner shells of the Al and 0 atoms
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are calculated from a priori atomic GOS calculations for exciting electrons to

3 4the continuum from the 2s and 2p sub-shells of Al and the K shell of O. The

DIM FP for removing an electron from the K shell of Al is obtained fxom GOS

values based on hydrogenic wavefunctions. 5 Given the DIMFP's associated with

the most important electron interaction processes in the solids we then calcu-

late inverse mean free paths, stopping powers, csda ranges, and range and en-

ergy straggling fcr electron energies from a few eV to 10 keV.

The details of the components of our calculations are described more

fully in the next four sections. In section VI exchange corrections are dis-

cussed, expressions given for the exchange corrected DIMFP's, and formulas

used in these tabulations are displayed.

IH. GENERAL FORMULATIONS

A charged particle passing through a solid interacts with a large number

of electrons simultaneously and it is thus appropriate to speak of a mean free

path of the charged particle against energy loss to the solid. Assuming the ef-

fect of the charged particle on the medium may be treated in first Born approxi-

mation, the inverse mean free path, differential in momentum transfer, hk,

and energy transfer, hw, for a particle of velocity v is given by

d 2 Ze 2 1 Im[ -(

dkdw 2 k 
(kw

where c(k, w) is the exact dielectric function of the solid. 6 7 We assume in

this work that the solid is isotropic and homogeneous.
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For our calculations of inverse mean free path, stoppig power, etc.,

it is sufficient to compute inverse mean free paths differential in energy

transfer only. This differential inverse mean free path (DIMFP) for energy

2
loss hw by an electron with energy E = mv /Z in the solid is given by

L ___ __

T(E, hw) =} (Z)
00

where hk +- •" + 4T ] ar~ a - h 2 /me 2 . Ths xpesion

assumes that the energy-momentum relation for a swift electron in the solid

does not differ appreciably from that of a free electron in vacuum.

Given 4*,4) for the solid, the quantities of interest here follow directly

from T(E, hw). The inverse mean free path of the electron, IL, is given by

integrating over allowed energy transfers as

S(E) =f d(hw) T(E, hw) . (31

The rate of energy loss of the electron, or the stopping power of the medium,

is given by

S(E) - -dE/dx =fd(hw)hw T(E,hw)

and the mean square energy loss per unit path length by

2 f (hw)(hw) 2 T(E,hw) (5)

With these results we may calculate the range of an -lectron in the continuous-

slowing-down approximation (csda range) by
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E
R (E) =f dE'/S(E') (6)

0 1
E

0

The lower limit on this integration will be discussed further in Section VI. The

mean square fluctuation in the range or "range straggling" will be calculated
8

from Eq. (3) and Eq. (4) as

E

(R - R)I- Bf dE'f 2 (E )/L(E ) 3  (7)

0

In practice, the DIMFP will be evaluated as a sum of contributions from

various distinct processes. For example we calculate a DIMFP for removing an

electron from a given inner shell, a DIMFP for plasmon excitation, etc. The

total DIMFP used to describe the intaraction of an electron with the given solid

will be given by

T(E, = W T.(E, W) (8)

where the sum over i adds the contributions from the various interaction proc-

esses. The evaluation of the .'sr for Al and Al 03 is described in the next three

sections.

III. DIMFP's FOR THE ALUMINUM CONDUCTION BAND

The conduction band of Al will be described by an electron gas model. The

dielectric response functicn in the form given by Lindhard6 is

(k, 1 + (Z/zZ) Efl(X,Z) + if 2 (X,Z)] (9)
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in trms of the dimensionless variables x = hw/E, and z = k/Z/r with E, the

Fermi enrgy and k. the Fermi wavenmnber of the electron gas. Also,

2 2
L = /Whv, whe vF is the Fernm velocity. The function f is given by

1 ~2,1 Z - W4Z+li
f 1(x,z) + [1-(z-x/U)z -'.

z- x/4z- - I

+1 C z+x4)2 ]n z + /4z +I .(l0a)+8-[z-(z+ ] z+x/4z/ - i

The functionf £ is defined by

fx/8z, for z+x/4z < 1

) T
f 2 (~z)= j l-(z-x/4z) J, for Iz-x/4z]<l<z+x/4z (lob)

0, for Iz-x/4zl>l

From Eq. (2), the DIFrP is given by

Z + zf 2

(E, (z+f) +(

ZX 2

where z+ k +/Zk, Energy losses of an incident electron to an electron gas

may be divided into. (a) losses resulting from excitation of single electrons out

of the Fermi sea and (b) losses to collective oscillations of the electron gas

(plasmon excitation). The contribution to the total DthFP due to (a) is identi-

fied with the region in which f 2 is non-zero. This elect-on-electron term is

written as

dL ( +I+1 zf 2

dee~ fa (c+ 1) 2 2 2 2 (12)-
, , , ( i (I I II I



where c is the incident electron energy measured from the Fermi level in

units of the Feruni energy, i.e., c =(E -Ep)/Er, and the step -function

O(£ - x) restricts the incident electron to states above the Ferrai level.

The plasmon contribution arises from integration of Eq. (11) in the

region where f - 0. The integral is zero except on the plasma resonance
2

line defined by z = Z (x) through the equation

F(x,zo) z + x 1(Xz = 0. (13)

The DIMFP for plasmon excitation is found to be

1 o _z

Tl (+,x) 0 dIx - x G)O(x -x) (14)S ao 0 e+ 1) jdF/dz I z = Z
0

where Xm. and x are the solutions of the equationsmn max

Xmin =4Zo(x r)( ' - z (x .n)] (15)
min 0 min0 min

and

xax =4z ol(x) [ma + zol(x)ma (16)

For our later discussion of exchange corrections we need the DIMFP for

creation of secondary electrons in this model. The results of Ref. (7) lead to

z r.a rin(C '1+ 1f a) 4 z+ 2
0 C dx J z FZ ,X

wherleo) represents z zo e(Zkrz,Esx) a 117b

where mir~a,b) represents the smaller of the quantities a and b.
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The use of this electron gas model, though based implicitly on the

assumption of high electron densities, gives unexpectedly good results for

real metal conduction band densities. In addition, Eq. (1) is derived in firsý

Born approirmation and would be expected to fail d•hen the vehlacity of the in-

cident electron approaches that of electrons i t.he electron gas. Lindhard,

however, points out that this equation may be reasonably good at any velocit3y

since- (a) the relative velocity of the incident electron and representative

electrons in the electron gas remains of the order of the Fermi velocity no"i

matter how slowly the incident electron moves, and (b) at low velocities th

Coulomb field of the incident electron is strongly screened bypolarization io

the electron gas so #-st for many purposes it can be considered small in theý

sense of perturbation theory.

IV. DIMFP'S FOR INNER SHELLS

From a general expression for the dielectric function of a homogeneotis,

9isotropic system we may show for values of w which correspord to ionization

.thof thei inner shell in a solid that

2Zlnn.e df.(k, w)

Im Imr (k, W) (rani df (18)

where df./dw is the generalized oscillator strength (GOS) far transitions from.

th ththe i independent inner shell. Here n. is the number of i inner shells pe

unit volume in the given solid. Equation (2) thus leads to
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k
87Ta + df(k, w)

1 ' (E hw (El/R)(hw/1RJ k (19)

wherc hw is the energy transfer and R = e2/2a.

Generalized oscillator strengths for the ionization of L shell electrons in

3Al have been calculated by Manson using a nonrelativistic Hartree-Slater central

field model of the atom. These GOS values have been used as input for numerical

evaluation of the integral over momentum transfer in Eq. (19) to obtain differen-

tial cross sections, T./n. = da. /d(hw), for the Zs and Zp subshells of Al. These

cross sections when multiplied by the appropriatb value of ni give the DIM FP for
AI,Al 203 1

the particular material. For example, l2  0 would denote the DIMFP for

removing a 2s electron from an Al atom with the density of Al atoms correspond-

ing to that in Al0 . This same type of notation will be used for contributions tc
2 3

the inverse mean free path and stopping power. The binding energy for Zs and 2p

electrons in Al is taken to be 118.524 el and 80.88 eV, respectively, for

these calculations.

Similar calculations have been done for the ls shell in oxygen. The values

of the GOS for excitation to the continuum from the ls shell of O were taken

4
from the work of McGuire. The binding energy of the ls shell in 0 is taken to

be 536.6 eV.

Our calculation of the DIMFP for excitation of electrons from the K shell

of Al to the continuum is based on cross sections derived using hydrogenic wave

functions. A detailed discussion of this type of cross section calcuation is



given in Ref. 5. We have used the equations in this reference to calculate the

DIMFP based ona binding energy for the K shell inAl of 1545.8eVandan

"effective atomic number" of Z = 1Z. 5643.
s

V. DIMFP'S FOR VALENCE ELECTRONS IN Al 0

Since Al203 is a good insulator with a band gap of about 9 eV10 it is

desirable to reprosent the response of its valence electrons on the basis of

a quite different model than that used for the conduction band in Al. The

model which we have developed for this purpoie is related to that employed

by Fry in which the ground state wave function of the valence electrons is

described in the tight-binding approximation, while excited states are repre-

sented by orthogonalized plane waves (OPW). In our use of the model to ob-

tain a dielectric response function we fix the normalization of the OPW excited

states by requiring that the sum rule dw wiin,[l(k, W)] = Z1 nez/m ,

where n is the density of electrons in the valence band. In addition we assume

that the solid is unifoarm: nd homogeneous. The dielectric response function

corresponding to this model solid is convenient and flex-ble for use, can be

fitted to the optical dielectric function in the limit of very long wavelengths

(k-00), and describes the single-particle properties of excited electrons. The

existence of plasma oscillations emerges naturally as one studies the response

12
of the system to longitudinal electric perturbations.

Since a detailed discussion of the insulator model is planned for p.ubli-

cation13 we quote here only the results needed for these calculations. The

• ,, ,M
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result required here is the imaginary part of the dielectric response function

for the model insulator given by

Ixma(k,w)] = Vne r/hkA (Z0)

where

3 [a 2+ (k-p)2 ) 3  ( 2+(k+p)2;7

32a [ 1 11 ](21)
(a2+p) 1(4a2+k2) 2 a +(k-p)2 a +(k+p)2

+ 1024pk
8  24

+ 2p2)4( 2+k2)4
(a + p ) (4a + k)

1 32a ]
2 w.24 0 (22)

Sa (4a2+ký

and
S1/2

p = [m(o-w,)/hp ] (23)

Here hw, is the excitation energy of the valence electrons and • and a are

parameters which may be adjusted to make the theory agree with optical dielectric

function measurements in the k-K) limit. In the k-0 limit we have

7 3

. (09"ne2 _ 2 2 6 "(24)
(We+ a) (a +p)

Given the imaginary part of the dielectric function, Eq. (20), for fixed values of

n, P, wq, and a the real part of (k, W) may be obtained numerically using the

SI i ,IN
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Kramers-Kronig relation,

Win Im (k, w 0
Re[((k, W) = 1+ dw 2 2 (25)

0W-

We fit Eq. (24) to experimental measurements of the imaginary part of

the optical dielectric function as measured by Arakawa and Williams 10 with 15

valence electrons per Al 2 03 unit, density of Al of 4.05 g/cm , hw. = 9 eV,

=, and aa = 0. 78. Given these values, lIm[ (k ) ] is calculated

from the results of Eq. (20) and Eq. (25). The remaining 9 of the 24 valence

electrons in Al are taken to form a second tight-bi ng level withiuh, =h"
203

29eV, •=Iandr a =1.6.

VI. EXCHANGE CORRECTED DIMFP'S AND FORMULAE FOR THE TABULATIONS

We have included the effect of electron exchange in our calculations in a

simple manner based on the form of the Mott formula (non-relativistic M4ller

formula) for scattering of an incident electron with a free electron. The cross

section for finding a scattered electron with energy in the interval W:W+dW is

given by 8

~ 12 1 (26)

dW E W (E- W) W(E-W)

for an incident electron of energy E, except for energies close to W = 0 and

W = E. Near W = 0 and W = E the interference term (third term on the right side

of Eq. (26))is effectively 7 0.
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The DIMFP for excitation of an electron from a particular state i may

be wcitten in the form

Ij'r.(E,ha• 1
1 W = (Fi (E, hw) (27)

If we assume that the width of the level from which an electron is excited is

quite narrow, we oL,'.in from Eq. (27) the DIMFP for production of a second-

ary electron with energy E as
s

I.(EE (F.(E, E.+ ) (28)
1 s E i s

where Es is the binding energy of the ith state (a positive quantity). The ex-
1

change corrected DIMFP is taken as

exc17. (E,hhw) = (E,h w) +F.(E, E+E! - hw)

1 1__ ir1/
[ 1 - E. a/LFi (E, hj) Fi(E, E + E a .(Z9

1 J) -9

Since ET. 1/(hw) for large E and hw, Eq. (29) reduces in this limit to the1

form given by Eq. (Z6). The factor 1 - reduces the contribution of the
a

third term in Eq. (29) as E - E. . This form for the exchange corrected DIMFP1

has been used in our calculations for all the inner shells and for the two valence

levels in Al 20 3 (since our model assumes the width of these levels to be quite

na-row).

If we now define the more energetic of the two electrons after collision

to be the primary, and account for exchange through Eq. (29), Eq. (3) gives the
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the contribution to the inverse mean free path due to excitation of an electron

from the ith level as

(E+E |)/2

al.E) d(hw) r i (E, . (30)

Similarly for the stopping powec and mean square energy loss per unit path

length we have from Eq. (4) and Eq. (5)

(E+E. )/Z

q(E) = d(hw) hor 1.exc(E, hw) (31)

and 1

(E+ E!)/Z1

fi 2 (E) d(hcO(hW) 2 ri (E, hw) (32)

1 4
The exchange correction for excitation of electrons from the Al conduction

band of finite width requires a slightly different form. We take

exc - 1/2 /2
T (Cx) T (eC'x) +1s(e, -X) - "l-(+l) -l/Z e, C X) e -X) (33)
ee ee s e s

where 1" and T " are defined in Eq. (12) and Eq. (17). Thus the contributions toee s

the inverse mean free, stopping power, and mean square energy loss per unit path

length due to excitation of electrons from the conduction bard in Al are calculated

from

,4/2

j~e(c) =f dx .eexc (lx) (34)

0
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See(()= x "exc

S (C) e (e,x) (35)
e~e jf ee

0

ard

z x/ 2 exc (ex) . (36)

ee ()f XXTee
0

No exchange correction is applied to Tpl' Eq. (14). The inverse mean free

path :ontribution due to plasmon excitition is given by

x

ax

jipl,(e) =f dX TP •(r,,X) (37)

min

The contribution to stopping power and mean square energy loss per unit path

length are given by

x

s e€) =f ax x T l(C,x) (38)

and

Xmi

For the remaining calculations we form the sums •

S (E) =x S.(E) (40)

exc

min
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and

a (E) (E) (41)
exc i

where the index i includes the terms appropriate for a given solid, including

exchange corrections as indicated above. The csda range is calculated from

R( 1 0 ) (E) =f dE'/Sexc(E') (42)

10 eV

corresponding to an electron slowing down in a continuous manner from an energy

E to 10 eV. The mean square fluctuation in the csda range based on Eq. (7) is

calculated as

E

[AR 2 dE' 02 (E')/ s (E) 3  (43)[R(10) AV= e x

10 eV
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VIII. ALUMINUM: EXPLANATION OF TABLES

GENERAL NOTES

1. Electon energies are measured from the top of the conduction

ban (Fermi level). The Fermi energy is taken to be E= 11.6 eV.
3

2. The density of solid Al is taken to be 2.71 g/cm .

3. The computer-printed units are translated as:

EV .......... eV A ............ A

EVZ ......... (eV) A- ..........

G/CM3 ..... .. /cm 3  A2 .......... A2

4. The munerical print-c,,t is in the form, e.g.

2.8D-01 E 2.8x 10-1.

TABLE 1A - INVERSE MEAN FREE PATH OF ELECTRONS IN ALUMINUM

EL - EL ±ee as given by Eq. (34)

PLASMON ýp as given by Eq. (37)

AL (ni) Al

A nn as given by Eq. (30) with Eq. (19)

INVERSE MFP j - total inverse mean free
path = stum of individual
contributions.

TABLE 1B - STOPPING POWER OF ALUMINUM FOR ELECTRONS

EL-EL See as given by Eq. (35)



21

PLASMON S as given by Eq. (38)

AL(nA) sa5 as given by Eq. (31) with Eq. (19)

STOPPING POWER S - total stopping powe = sum of
individual contributions

TABLE IC - CSDA RANGES AND STRAGGLING OF ELECTRONS IN ALUMINUM

CSDA RANGE R - the range of an electron in the
(E TO 10 EV) c•nInnuous-s1owing-down approximnation

in going from an energy E to 10 eV, as

given by Eq. (42).

MEAN SQUARE 02 - the mean square fluctuation in I
ENERGY LOSS the ernrgy loss per unit path length, as

given by Eqs. (41), (36), (39) and (5)

plus (19).

MEAN SQUARE - the mean squarefluctu-

RANGE FLUCTUATION atiAonin the range about the mean csda
range R as given by Eq. (43).

RELATIVE RANGE EAR (I AI/Z/R(

STRAGGLING
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IX. ALUMINTUM OXIDE: EXPLANATION OF TABLES

GENERAL NOTES:

1. Electron energies are measured from the bottom of the conduction

band.

2. The density of solid A120 3 is taken to be 4.05 g/cm3

3. The computer-printed units are *ranslated as:

EV ......... eV A ............ S

2 -
EVZ ........ (eV) A-1 .......... A

3 .
G/CM3 ..... g/cm A2 ........... A

AL203 ...... Al 203

4. The numerical print-out is in the form, e.g., 2.18D-2 2.8 xl0-.

TABLE ZA - INVERSE MEAN FREE PATH OF ELECTRONS IN Al2O3

VAL (9 EV) (9 eV) as given by Eq. (30) +(2) +(30) +(25)

VAL (29 EV) '(29 eV) as given by Eq. (30) +(2) +(20) +(25)

VAL (29EV) pn. & as givenbyEq. (30+()+(20)+(5

AL() 'A2 3 as given by Eq. (30) +(19)

O(1S) OAls
O(IS) ~~i 2,lz03 as given by Eq. (30) +(19)

INVERSE MFP p -- total inverse mean free path = sum
of individual contributions.
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TABLE 2B - STOPPING POWER OF ALUMINUM OXIDE FOR ELECTRONS

VAL (9 EV) S(9 eV) as given by Eq. (31) +(2) +(Z0) +(Z5)

VAL (29 EV) eV) as given by Eq. (31) +(2) +(20) +(25)

AL(n1) A1A 2O 3 as given by Eq. (31) +(19)
AL(nS) n0,A 20

O(1S) S OA1 as given by Eq. (31) +(19)

STOPPING POWER S - total stopping power = sxm of
individual contr-butions.

TABLE ZC - CSDA RANGE AND STRAGGLING OF ELECTRONS IN Al 03

CSDA RANGE RI - the range of an electron in the
(E TO D0 EV) c~ln24uous-slowing--down approximation

in going from an energy E tc 10 eV, as
given by Eq. (42).

MEAN SQUARE a 2 - the mean square fluctuation in
ENERGY LOSS drthee energy loss per unit path length, as

given by Eqs. '41), (32) +(19), and (32) +
() +(20) +(25).

MEAN SQUARE AR (0 - the mean square fluctuation
RANGE FLUCTUATION in the range about the mean csda range

R(10), as given by Eq. (43).

RELATIVE RANGE I[AR( 0) 2 (10)
STRAGGLING
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